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1. Introduction
Volume rendering deals with depicting fog, smoke, fire and all other types of participating
media that scatter, reflect or absorb light. Volume rendering combines the fields of physics
and computer science and makes the physical laws calculable using stochastic methods.
In physics, and more specifically in radiometry, the question is how individual light particles behave when they encounter other particles. These processes are too complex to be
calculated individually, therefore probabilities are used to describe how the light behaves
when moving through different media. Volume rendering techniques are used in various
physically based renderers, such as Arnold Renderer from Autodesk or Renderman from
Pixar.
In order to render participating media the three collision processes of light (absorption,
emission and scattering) are modelled by probability density coefficients. These coefficients
are then used to describe the change in light of a particle in the volume rendering equation
(VRE). This complex integral equation can then be solved with Monte Carlo integration.
To do so the integrand is evaluated at a single randomly chosen distance, divided by
the probability density of sampling this distance. The sampled distance simply refers to
the distance a photon will travel before it will interact with the medium. To get this
distance one needs to sample the transmission term, which is only analytically possible
in homogenous media. In order to also sample heterogenous media, the null-scattering
techniques are introduced. This technique fills the heterogenous medium with fictious
null-scattering particles so it becomes a homogenous medium and the transmission term
can be sampled. The problem of this approach is, that the probability density function
(pdf) of the samples are not avaible, because the null-scattering collision can not be taken
into account. This is a limitation because now the different sampling techniques can not
be combined, which is usually done to handle a variety of light sources well. The proposed
solution to this problem in the paper “A null-scattering path integral formulation of light
transport“ by Bailey Miller, Iliyan Georgiev and Wojciech Jarosz, is to shift the entire
rendering process in a null-scattering path space formulation of the VRE. In the following
we will introduce and explain all concepts needed to understand the paper.
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2. Prerequisites
In this chapter, we discuss all topics required to understand the paper. We begin by
explaining Monte Carlo integration and multiple importance sampling (MIS), which are
basic techniques for evaluating high dimensional integrals in computer graphics. After
that the path integral derivation of the famous rendering equation (Kajiya 1986) is shown
and its evaluation with Monte Carlo integration (Section 2.2). Then we will explain the
volume rendering processes, namely absorption, scattering and emission and the resulting
radiance transfer equation and volume rendering equation (Section 2.3).

2.1 Monte Carlo integration
Monte Carlo integration is a technique to estimate integrals by using probabilities. Monte
Carlo integration has the advantage that it operates independently of the dimension of
the integral.
Many integrals in computer graphics are not solvable analytically. Functions as the incident radiance are not available in closed form. The basic idea of Monte Carlo integration
is to evaluate an integral multiple times at random points, weighted with its pdf, and
average the results to approximate the result of the integral.
We begin by explaining the basic concepts needed for Monte Carlo integration and MIS.
Note that when we refer to a random variable we mean a continuous random variable.
The cumulative distribution function defines as
P (x) = P r{X ≤ x}

(2.1)

where P r{X ≤ x} is the probability of an random variable X, being smaller or equal to
x. This function is a cumulative sum of all probabilities.
The corresponding probability density function (pdf) is the rate of change of the cumulative
distribution function.
dP (x)
p(x) =
(2.2)
dx
The pdf has to be greater than zero on the whole interval, as there are no negative
probabilities, which gives the important relationship:
P r{a ≤ X ≤ b} =

Z b

p(x)dx = P (b) − P (a)

a

2

(2.3)

2.1. Monte Carlo integration
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This formula gives the probability of the random variable X taking a value between a
and b. This also implies the integral over the whole domain is 1, as the probability for X
taking any value is 1.
The expected value of a continuous random variable is
Z ∞

f (x)p(x)dx

E[f (x)] =

(2.4)

−∞

The expected value can be estimated with Monte Carlo approximation,

E[f (x)] ≈

N
1 X
f (xi )
N i=1

(2.5)

Monte Carlo Integration
The main idea of Monte Carlo integration is to evaluate an integral of a function f (x)
(x)
by calculating the expected value of a different function g(x) = fp(x)
with Monte Carlo
approximation.
Z

f (x)
=
f (x)dx = E
p(x)




FN =

Z

n
f (x)
1 X
f (Xi )
p(x)dx ≈
p(x)
N i=1 p(Xi )

n
1 X
f (Xi )
N i=1 p(Xi )

(2.6)

(2.7)

FN describes a random variable, which values depends on the number of samples taken.
The advantages of Monte Carlo integration are its simplicity and the rate of convergence
of O( √1N ) in any dimension, regardless of the smoothness of the function to be integrated.
Importance Sampling
There are many methods to sample random variables. The easiest approach is to sample
random variables from a uniform distribution. In theory, every sampling theory gives
the same result, but not in the same time. By choosing a suitable sampling strategy the
computation of the Monte Carlo integration can be accelerated enormously. The idea
of importance sampling is to sample values (or in the case of rendering directions) that
contribute a lot to the final value of the integral. For example, directions pointing towards
a light source contribute more to the final image, than the ones pointing away frome it.
Importance sampling achieves this by choosing a pdf that has a similar shape than f (x).
In an ideal case p(x) = cf (x), so the Monte Carlo integral becomes a constant value with
zero variance.
Multiple Importance Sampling
Integrals in computer graphics often have the form
Z

f (x)g(x)dx

(2.8)

Ω

Now there is no single pdf which shape is similar to that of the combined function f (x)g(x),
but it is possible to combine multiple pdfs to get a good estimate of the integral.

3
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The combination of different sampling strategies is introduced by [Vea97] and is called the
multi-sample estimator

IM IS =

ni
n
X
1 X
i=1

ni

wi (xi,j )

j=1

f (xi,j )
pi (xi,j )

(2.9)

The multi-sample estimator gives a weighed sum of the estimators. Every sample is
weighted differently depending on the sampling technique pi with its weight wi .
To give a unbiased result the weights must fulfill the following conditions,
n
X

wi (x) = 1 f or f (x) 6= 0

(2.10)

i=1

wi (x) = 0 f or pi (x) = 0

(2.11)

This means for every point where f (x) 6= 0 there must be at least on sampling technique
able to generate a sample, but not every sampling technique must generate samples for
every point. This allows for sampling techniques to only concentrate on a specific region
of the integrand.
When the weights are constant over the whole domain of the integration, the variance of
different estimator will simply add up.
V [F ] = w1 V [F1 ] + w2 V [F 2] + w3 V [F 3]

(2.12)

So a better technique is to let the weights vary according to x and calculate them using
the balance heuristic [Vea97],
ni pi (x)
k=1 nk pk (x)

wi (x) = Pn

(2.13)

2.2 Path Integral Formulation of the Rendering Equation
The rendering equation defined over directions is,
Z

L(x, ω) = Le (x, ω) +

f (ω, x, −ω 0 )L(x, ω 0 )|n(x) · ω 0 |dω 0

(2.14)

Ω

Where the radiance at a point x in a direction ω is the light emitted from that point,
plus the continuous sum over all the incoming light, scaled with the cosine term and
the bidirectional reflectance distribution function (BRDF, f in the equation). Note that
the term L(x, ω) appears on both sides, so it is a recursive equation, which makes the
evaluation with Monte Carlo integration difficult.
A more suitable presentation is the path integral formulation where the radiance arriving
at a pixel is expressed with one non-recursive integral. Here we show the process for
deriving the path integral formulation for the rendering equation, but the same principle
is used when deriving the path integral formulation for the volume rendering equation
and its null-scattering extension, as shown later. The rendering equation is a Fredholm
integral equation of the second kind. This types of equations can can be solved, in this
case for outgoing radiance L, using the von Neumann series expansion.

4

2.2. Path Integral Formulation of the Rendering Equation
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In the path integral formulation we definde the rendering equation in terms of surfaces
instead of directions. Therefore we rewrite the rendering equation. All functions that use
the direction ω will instead use
L(p0 → p) = L(p0 , ω)

(2.15)

with ω = p − p0 is the unit-length vector pointing from p0 to p.
This is also applied to the BRDF and to the emitted light. Substituting in the rendering
equation gives
0

0

L(p → p) = Le (p → p) +

Z

f (p00 → p0 → p)L(p00 → p)G(p00 ↔ p)dA(p00 )

(2.16)

A

Instead of integrating over all possible directions Ω, we change to integrate over all surfaces
in the scene A. The term G(p00 ↔ p) is commonly referred to as geometry term and relates
the projected solid angle measure to the area measure.
G(p00 ↔ p) = V (p00 ↔ p)

|cos(θ)||cos(θ0 )|
||p − p0 ||2

(2.17)

with the visibility function V .
The rendering equation can also be written in operator form, with some operator Le that
denotes the emitted light, and some operator T that influences the incoming light,
L = Le + T L

(2.18)

with T = f G.
Now the equation can be simply substituted into itself, giving an infinite sum,
L = Le + T Le + T T Le + ...T T...T L

(2.19)

As the operator |T | < 1 is a contraction it is possible to perform a von Neumann expansion.
Intuitively speaking the lim T i L = 0. So we only end up with:
i→∞

∞
X

L=

T i Le

(2.20)

i=1

We must relate the result with the measurement equation. The measurement equation
gives the value for every pixel on the screen, as an integral over the surface of the sensor
pixel and the incoming light.
Z

Ij =

M ×M

We (p0 → p)L(p0 → p)G(p00 ↔ p)dA(p0 )dA(p)

(2.21)

We denotes the sensor responsivity.
Now we can recursively expand the measurement equation by substituting in the rendering
equation for L(p0 → p). Then the measurement equation can also be written as
Z

Ij =

f (X)dX
P

5

(2.22)
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where P is the path space, the space of all possible paths connecting pixel and the light
source, Ij is the value of pixel j and f(X) is the measurement contribution function.

f (X) = We Le G

k−1
Y

T = W e Le

i=1

dX is the area-product measure dX =
individual vertices.

k−1
Y

fi Gi

(2.23)

i=1

Qk

i=0 dXi ,

which is the product of measures at

Now this can be used with Monte Carlo integration
Z

Ij =

f (X)dX → Iˆj =

P

n
1 X
f (Xi )
N i=1 p(Xi )

(2.24)

Iˆj indicates an estimate of Ij .

2.3 Volume scattering processes
There are three main processes that can affect photons when they travel through participating media and collide with particles.
These processes are not modeled explicitly, instead they are described statistically with
coefficients µ, that describe the probability density of either type of event happening per
unit distance traveled. This assumes statistical independence of atoms.
In homogenous media the coefficients are the same throughout some region of space, while
they vary in heterogeneous media depending on the position x.
The three processes are shown in figure 2.1.
• Absorption
• Scattering, which splits in out-scattering and in-scattering
• Emission

dt
Absorption

Out-scattering

In-scattering

Emission

Figure 2.1: Increase and decrease of radiance in a differential volume element dt [NGHJ18]

Absorption and out-scattering reduce the radiance of a photon, while emission and inscattering increase it. All effects combined form the radiance transfer equation, which
describes the overall change of the radiance of a photon while travelling through participating media.

6

2.3. Volume scattering processes
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Absorption (see figure 2.1 left)
Absorption describes the reduction of radiance, as for example in fog or smoke. The
absorption coefficient µa (x) is the probability density function of the absorption, depending
on position x.
dLo (x, ω)
= −µa (x)Li (x, −ω)
dt

(2.25)

This differential equation describes the change of radiance of a photon being absorbed
by a differential volume. Li is the radiance arriving at a point x, and Lo is the exitant
radiance after absorption in the volume.
This differential equation can be solved by the beam transmittance
T (x, y) = e−σa

(2.26)

where σa is the total amount of reduced radiance along the ray from x to y.
Z y

µa (x + sω)ds

σa =

(2.27)

0

This formula is also known as beers law and the integral in the exponent is also called the
optical thickness τ .
Emission(see figure 2.1 right)
Emission increases the radiance of a photon by collision, due to chemical, nuclear or
thermal processes that convert energy into light and can be described by the following
equation,
dLo (x, ω)
= Le (x, ω)
dt

(2.28)

Scattering (see figure 2.1 middle)
As a photon travels through participating media it can be scattered in different directions
by colliding with particles. This has two effects on the overall radiance: First, the exitant
radiance in a certain direction is reduced, as some energy of the light is scattered in
different directions. Second, the radiance can be increased, as it may happen that some
other light beam scatters in the exact same direction of the current photon. These effects
are described with out-scattering and in-scattering.
Out-scattering
Out-scattering describes the reduction of Light as its scattered outside.
The out-scattering coefficient µs (x) is the probability density function of the out-scattering,
dependent on position x.
dLo (x, ω)
= −µs (x)Li (x, −ω)
(2.29)
dt
Again, this differential equation can be solved as in the absorption case. The two coefficients µa and µs can be grouped together to form the medium extinction coefficient µt ,
for the total reduction in radiance due to absorption and out-scattering.
µt (x) = µs (x) + µa (x)

7

(2.30)
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Solving the differential equation with µt gives
T (x, ω) = e−

Rd
0

µt (x+tω)dt

(2.31)

which is known as the medium extinction transmittance.
The scattering and absorption coefficients give the percentage of radiance that will be lost
due to either one of these effects. To get the probability of a scattering or absorption event
happening we need to evaluate
Pa =

µa
µs
, Ps =
µt
µt

(2.32)

In-scattering
In-scattering increases the radiance as it gains radiance from different beams scattered in
the same direction. Like with absorption and out-scattering, emission and in-scattering
can be grouped together to give the total amount of increased radiance. Here we used the
absorption coefficient with the emitted light, to force all radiancs functions be in W/m2 /sr.
m

L (x, ω) =

µa (x)Lm
e (x, ω)

Z

+ µs (x)

S2

ρm (ω, x, ω 0 )L(x, ω 0 )dω 0

(2.33)

Where ρm (ω, x, ω 0 ) is the phase function, a volumetric analog to the BSDF. In Isotropic
media the probability to scatter light is the same for every direction, so the phase function
is a constant (ρ = 1/4π). In Anisotropic media (collision coefficients are not independent of
light direction) there are different phase functions (e.g. Henyey-Greenstein phase function).
[PJH17]

2.4 The radiance transfer equation
The radiance transfer equation (RTE) combines the effects of absorption, emission and
scattering in one big differential equation. The total change of radiance of a photon is
simply the gains minus the losses.
The RTE can be viewed as a more general form of the rendering equation, as it does not
assume the radiance leaving a point is the same arriving at another point. The other way
around the rendering equation can be viewed as a special case of the RTE, when we are
in a vacuum and all coefficients µ are zero.
The radiance transfer equation (RTE)
(ω · ∇)L(x, ω) = −µt (x)L(x, ω) + µt (x)Lm (x, ω)

(2.34)

with
Lm (x, ω) =

µa (x) m
µs (x)
L (x, ω) +
µt (x) e
µt (x)

Z
S2

ρm (ω, x, ω 0 )L(x, ω 0 )dω 0

(2.35)

put together

(ω·∇)L(x, ω) =

−µt (x)L(x, ω)+µa (x)Lm
e (x, ω)+µs (x)

8

Z
S2

ρm (ω, x, ω 0 )L(x, ω 0 )dω 0 (2.36)

2.4. The radiance transfer equation
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µt is the medium extintion coefficient, with the absorption (µa ) and scattering (µs ) coefficient. (ω · ∇) is the derivative of L(x, ω) in direction ω. Lm
e is the emitted light.
ρm (ω, x, ω 0 ) is the phase function. S 2 is the unit sphere.
The first part of the equation (−µt (x)L(x, ω)) refers to the losses of radiance due to
absorption and out-scattering, and the second part (µt (x)Lm (x, ω)) refers to the gains of
radiance due to emission and in-scattering.
The RTE is an integro-differential equation, because the function L(x, ω) both appears as
a derivative and as an integral.
As always, there is a need for bounding conditions to eliminate the arbitrary constants from
integration. The RTE only describes the change of radiance in a volume. But there are
not only volumes, but also surfaces, which serve as the boundary conditions [FWKH17].
Z

L(z, ω) = Le (z, ω) +

S2

L(z, ω 0 )ρs (ω, z, −ω 0 )|n(z) · ω 0 |dω 0

(2.37)

Where z is a point on the boundary, i.e. on the surface, ρs is the bidirectional scattering
distribution function (BSDF) and n(z) is the surface normal at the point z.
Solving the equation for L(x, ω) gives the volume rendering equation (VRE). The idea is
to integrate along a ray with direction ω until a boundary point is reached.
Derivation of the VRE:
As (ω · ∇) is the derivative in direction ω we can rewrite it in terms of one variable.
d
L(x + sω, ω)
ds

(ω · ∇)L(x, ω) =

(2.38)

L(s) = L(x + sω, ω)

(2.39)

So equation 2.34 can be written as
d
L(s) = −µt L(s) + µt Lm (s)
ds
We can now introduce a function T (s) = e−
equation 2.40 gives

Ry
0

µt (s)ds

, so that

(2.40)
d
T (s)
ds

T (s)

d
d
T (s)
T (s) m
d
L(s) = − ds
L(s) + ds
L (s)
ds
T (s)
T (s)

T (s)

d
d
d
L(s) + L(s) T (s) = T (s)Lm (s)
ds
ds
ds
d
d
(T (s)L(s)) = T (s)Lm (s)
ds
ds

= µt . Substitute in

(2.41)

(2.42)

(2.43)

Now integrating on both sides from 0 to z, and noting T (0) = 1 gives
Z z

L(0) =

T (s)µ(s)Lm (s)ds + T (s)L(s)

0

9

(2.44)
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Note that L(0) = L(x, ω). Now we can change back the variables and incorporate the
boundary equation.
The volume rendering equation in integral form
Z z

L(x, ω) =

T (x, y)µ(y)Lm (y, ω)dy + T (x, z)LS (z, ω)

(2.45)

0

with the boundary condition
LS (z, ω) = LSe (z, ω) +

Z
S2

ρS (ω, z, −ω 0 )L(z, ω 0 )|n(z) · ω 0 |dω 0

(2.46)

Note that the equation is still not in closed form as L(x, ω) appears on both sides.
The medium extinction transmittance
T (x, y) = e−τ (x,y) = e−

Ry
0

µt (x−sω)ds

(2.47)

Where τ (x, y) is the medium extinction optical thickness between x and y. (see beers law)
The transmittance is the total reduction factor for absorption and out-scattering between
x and y and can also be written as a function of just a scalar distance t:
T (t) = e−τ (t) = e−

Rt
0

µt (x−sω)ds

(2.48)

By assuming we are in a vacuum and the radiance leaving a point equals the radiance
arriving at a point we get the rendering equation.
µa = µt = 0

(2.49)

(ω · ∇)L(x, ω) = 0

(2.50)

Therefore the RTE reduces to

The change in radiance is zero, this leaves only behind the boundary condition, i.e. the
rendering equation [Arv93].
Path integral formulation of the volume rendering equation
Analog to the rendering equation, there also exist a path integral formulation of the volume
rendering equation. The difference is that the rendering equation only deals with vacuum
conditions, so the transmittance term is non existent. Also scattering of light is handled
with a BRDF in the rendering equation, while it is a phase function in the VRE. So the
measurement contribution from equation 2.23 function becomes

f (X) = We Le GT ·

k−1
Y

ρm GT

(2.51)

i=1

for the VRE. Now the functions G(p00 ↔ p), Le (p0 → p) and ρm (p00 → p0 → p) need to
differentiate between points on a surface, where the calculation reduces to the rendering
equation, and points in the medium, where the transmission coefficients are applied. See
[NGHJ18] for a detailed description and [PKK00] for a derivation.
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2.5 Estimation of the Volume Rendering Equation
The VRE cannot be solved analytically, but can be estimated with Monte Carlo integration. The standard approach for solving the VRE is to importance sample the nonrecursive terms in Equation 2.45. This involves distance sampling the medium extinction
transmittance for free paths. Free paths or the free flight distance refers to the distance in
a straight line, a photon travels between subsequent collisions within the medium. This is
a key tool in estimating the VRE by stochastic construction of the photons trajectories.
In homogenous media the transmittance reduces to
T (t) = e−µt t

(2.52)

as the transmittance does not vary inside the volume and µt stays always the same. T (x, y)
can now perfectly importanced sampled with a pdf that is a normalized T (x, y), so that
R
D T (x, y) = 1. The sampling can be achieved with the inverse cumulative distribution
function, that maps a uniform random number to the distribution according to the pdf.
In order to sample free paths we can define a pdf by normalizing the transmittance function
T . The correspoding cumulative distribution function can then be inverted to sample free
paths.
p(t) = µt e−µt t = µt T (t)

t0 (ξ) =

−ln(1 − ξ)
µt

(2.53)

(2.54)

This technique is called closed form tracking. For heterogenous media this does not work
because the transmittance is not invertible. Other approaches that involve approximating
the transmittance, like regular tracking or ray marching, lead to a biased estimate of T (t).
The delta tracking algorithm works around this, by filling up the heterogenous media with
fictious matter, so the same sampling strategy as for homogenous media can be applied.
This fictous matter is called null-scattering and is explained in the next chapter.

11

3. Null-scattering path integral
formulation
The goal of the paper is to provide a representation of the VRE, so it can be solved in any
media, is unbiased and the pdf is known to enable MIS. The only known techniques for
unbiased solution in any media are the null-scattering techniques. The biggest drawback
of these techniques is their inability to quantify the pdf of individual samples and therefore
disable the use of MIS. The idea of the paper is to rewrite the null-scattering VRE in path
integral formulation to quantify the pdf and enable the use of MIS.

3.1 Null-Scattering formulation
The idea of null-scattering is to introduce fictitious matter which photons can collide with,
but without changing the direction or intensity of the light. This changes the media from
heterogenous to homogenous. This means there are now three collision types instead of
two, so the collision coefficient µt becomes:
µ̄t (x) = µt (x) + µn (x)

(3.1)

µn is the density of the fictitious matter which scatters light forward with unchanged
intensity.
This leads to a null-scattering formulation of the VRE with the free parameter µn .
Z z

L(x, ω) =

T̄ (x, y)µ̄t (y)Lm̄ (y, ω)dy + T̄ (x, z)LS (z, ω)

(3.2)

0

with Lm̄ now denoting for the emission, real scattering and null scattering.

µa (x) m
µs (x)
L (x, ω) =
Le (x, ω) +
µ̄t (x)
µ̄t (x)
m̄

Z
S2

ρm (ω, x, ω 0 )L(x, ω 0 )dω 0 +

µn (x)
L(x, ω)
µ̄t (x)

(3.3)

µn can be choosen as µn = C − µt so that µ̄t (x) = C is a constant value. This parameter
can be used to transform the combined transmittance.
T ¯(t) = e−

Rt
0

µ¯t (x−sω)ds

= e−

Rt
0

µt (x−sω)+C−µt (x−sω)ds

12

= e−Ct

(3.4)

3.2. Null-Scattering path integral formulation
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Figure 3.1: null scattering [NGHJ18]

Because C is a constant it can fulfill the role of the constant extinction in equation 2.53
and the pdf can be constructed in the same way, giving µt (y)T (x, y).
Figure 3.1 shows three algorithms for sampling free paths in heterogenous media. Regular
tracking splits the medium up in single homogeneous parts, where closed form tracking
can be applied. This technique is only effective if large parts of the volume are homogeneous. Ray marching approximates the distance by moving forward by a fixed amount
and assuming the transmittance is constant between steps. Delta tracking uses the nullscattering approach and fills the medium with the fictious particles described above. This
means it has to explicitly deal with the resulting null collisions.
The biggest drawback of the null-scattering techniques is their inability to quantify the pdf
of individual samples, because the exponentiated heterogeneous integral in T(x,y) cannot
be computed. This doesn’t seem like a problem at first, because as the pdf is proportional
to the transmittance and is cancelled out anyways,

Ij =

n
1 X
f (Xi )
. . . ρ(ωj ) 6 T (tj ) . . .
=
N i=1 p(Xi )
. . . p(ωj )c 6 T (tj ) . . .

(3.5)

but the inability to calculate the pdf disables the use of MIS. The null-collision technique
casts the problem of finding a collision in heterogeneous media, to find a real-collision in
the homogenous media. The problem is that a real-collision can occur after an arbitrarily
long chain of null-collisions. So the pdf can only be calculated by integrating over an
infinite set of null-collision chains, which is not practically possible.
To resolve this issue the paper derives a path integral formulation of the null-scattering
VRE to enable the use of MIS. By rendering everything in a path integral space in homogenous null-scattering media, the pdf is computable. [NGHJ18]

3.2 Null-Scattering path integral formulation
As shown in chapter 2.4 there exists a path integral formulation of the VRE from [PKK00],
but it does not include the null scattering extension. The path integral formulation is an
integral over all paths connecting camera sensor and light sources. Because it does not
use null-scattering, this formulation has to calculate the transmittance between two realscattering events, with the uncomputable transmittance T , to calculate the pdf of the path.
By deriving the path integral formulation from the null-scattering VRE, the transmittance
becomes the analytically evaluable combined transmittance T̄ . Now between two realscattering events, there are several null-scattering events, and the product of all these
events gives the pdf, as seen in the next chapter.
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3. Null-scattering path integral formulation

The idea for the derivation is to substitute the null-scattering VRE in the measurement
equation and change the domain of integration from S 2 to Vδ , where Vδ is a homogeneous
volume with the null-scattering particles. This means the path space and the measurement
contribution function must be definined not only for surfaces, but also for points inside
the null-scattering volume. The only difference between the path integral formulation of
the VRE from [PKK00] and the null-scatter variant is that the phase function now also
accounts for null-scattering collision, where it simply scatters light forward [MGJ19].
This means the null-scattering path integral formulation is basically the same formulation
as for the rendering equation in chapter 2.2.
Z

Ij =

f (x̄)dx̄

(3.6)

P

But with a different measurement contribution function, accounting for the phase function
ρ) and the combined transmittance (T̄ ).

r−1
Y

f (x̄) = We (x0 , ωx1 x0 )·

G(xri , xri+1 )

i=0

k−1
Y

k−1
Y

T̄ (xi , xi+1 )·

i=0

ρ(ωxi xi−1 , xi , ωxi+1 xi )·Le (xk , ωxk xk−1 )

i=1

(3.7)
with ωx y being the unit length direction from x to y, k is the path length and r are the
real scattering vertices.
The functions G(x, y), Le (x, ω) and ρ(ω, x, ω 0 ) depend on wether the point x is on the
surface (x ∈ A), in the real-scattering volume (x ∈ V ) or in the null-scattering volume
(x ∈ Vδ ).
G(x, y) =

D(x, ωxy )V (x, y)D(y, ωyx )
||x − y||2
(

D(x, ω) =
(

Le (x, ω) =

|n(x) · ω|
1

x∈A
x∈V

Le (x, ωxy )
µa (xLe (x, ωxy )


0


ρs (ω, x, −ω )

x∈A
x∈V

y∈A
ρ(ω, x, ω ) = µs (x)ρm (ω, x, ω 0 ) x ∈ V


µ (x)H(ω · ω 0 )
x ∈ Vδ
n
0

(3.8)

(3.9)

(3.10)

(3.11)

H is the heaveside function and is used to enforce the ordering of the null-vertices. The
geometry term is only evaluated between real-scattering events.
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4. Applications
With the new path integral formulation the pdf of sampling techniques like delta tracking,
ratio tracking or equiangular sampling becomes computable. In the next section we will
take a closer look at delta tracking and ratio tracking and their corresponding pdfs.

4.1 Delta and ratio tracking in null-scattering path space
Ratio tracking
This technique is used as an unbiased estimator for the transmittance T between two
consecutive real-scattering path vertices. Between the vertices ratio tracking performs a
random walk by sampling distances with delta tracking, but choosing null-scattering at
every vertex, as this vertex lies between two real-scattering vertices. With the new formulation this technique can be interpreted as sampling a null-scattering subpath between
the two real-scattering vertices xi and xj , so the joint pdf of the j − i − 1 null vertices is

p(xi , xj ) = (

j−1
Y

T̄ (xl−1 , xl )µ̄t (xl ))T̄ (xj−1 , xj )

(4.1)

l=i+1

analog to Equation 2.53. The last transmittance term accounts for the termination of the
random walk [MGJ19].
Delta tracking
Delta tracking samples the free flight distance using a pdf proportional to the combined
transmittance T̄ . Then the delta tracking algorithm selects which collision event is happening based on their probabilities.

Pa (x) =

µa (x)
µs (x)
µn (x)
, Ps (x) =
, Pn (x) =
µ̄(x)
µ̄(x)
µ̄(x)

(4.2)

Note that Pa (x) + Py (x) + Pn (x) = 1.
When selecting a null-scattering event it continues stepping forward, when selecting the
real-scattering it samples the phase function and it terminates when an absorption event
occurs or a boundary has been hit.
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4. Applications

With delta tracking it is possible to sample the free flight distance with rejection sampling,
but the pdf is still unknown, even though delta tracking generates a perfectly valid and
unbiased path.
Instead of calculating the path pdf in heterogeneous media, the paper shifts the complete
rendering on a path integral space with homogenous media filled with the fictitious nullscattering particles.
With the null-scattering path integral formulation the pdf is now available and reads

pdt (x̄) = p(x0 )

k
Y

ρ(ωi , xi−1 , ωi−1 )T̄ (x, y)µ̄t (y)

i=1

r
µex (x) Y
( G(xri , xri+1 ))
µ̄t (x) i=0

(4.3)

So the pdf is the product of sampling a direction with the phase function times sampling
a distance with the transmittance times the probability of the collision event times the
geometry term. Note that the geometry term is only evaluated between real scattering
vertices.

Figure 4.1: Classic deltra tracking (top) must evaluate the transmittance between realscattering events, which is not possible. By calculating everything in a nullscattering path integral formulation (bottom), the null-scattering is also considered and the pdf becomes computable [MGJ19]

4.2 Results
Being able to combine different estimators in one low-variance estimator with MIS, allows
to handle a great variety of light sources well. Furthermore, in chromatic media, this is
media with spectrally varying coefficients µc , the use of MIS speeds up the rendering a lot.
In the paper the new path integral framework is evaluated by measuring the root mean
square error (RMSE) and lookups to unit variance (LTUV) of an image.[KHLN17] The
LTUV is computed as the product of the number of lookups and the variance. The variance
can be expressed as the square of the RMSE.
In figure 4.2 to bunny shaped clouds are shown. The one on the top shows a thin medium
that is illuminated from behind by a large spherical light source. The one on the bottom
is a dense medium and is illuminated by a small spherical light source from the left. Both
volumes use a highly forward scattering Henyey Greenstein phase function. As shown in
the graphic on the right both next-event estimation and unidirectional sampling fail at one
of the two bunnys, while the MIS combination of both techniques gives a robust result.
Furthermore the MIS combination is also compared to the directional MIS approach of
[KHLN17], where delta tracking along shadow rays is used.
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4.2. Results
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Unidirectional

Next-event (NEE)

47s RMSE:0.046 LTUV:0.87M 45s RMSE:1.207LTUV:519M

Directional MIS Uni.+NEE MIS(ours)
43s RMSE:0.051LTUV:0.90M 45s RMSE:0.051LTUV:0.94M

Unidirectional

Next-event (NEE)

137s RMSE:2.929LTUV:10.3B 133s RMSE:0.011LTUV:0.14M

Directional MIS Uni.+NEE MIS(ours)
122s RMSE:0.015LTUV:0.27M 129s RMSE:0.011LTUV:0.16M

Figure 4.2: Stanford bunny with thin medium on the top, and dense medium on the bottom
[MGJ19]
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5. Conclusion
The paper “A null-scattering path integral formulation of light transport“ by Bailey Miller,
Iliyan Georgiev and Wojciech Jarosz introduces a null-scattering path integral formulation
of the VRE. The null-scattering approach to volume rendering enables the unbiased estimation of the transmission in any media. In the past this approach was heavily limited,
as different sampling techniques could not be combined with MIS, making the handling
of different light sources very difficult. This inability to combine techniques is a result of
the unavailability of the pdfs of single samples. By shifting the entire rendering process
in the new null-scattering path space the pdf becomes available, and the combination via
MIS is now possible, making the whole null-scattering approach more viable in volume
rendering. There are now several other algorithms, like joint path sampling or Metropolis
light transport, that could profit from the presented framework.
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